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Abstract Dynamical systems methods are used to investi-
gate dynamics of a flat Friedmann–Robertson–Walker cos-
mologicalmodelwith the non-minimallycoupled scalar field
and a potential function. Performed analysis distinguishes
the value of non-minimal coupling constant parameter ξ =
3
16
, which is the conformal coupling in five dimensional the-
ory of gravity. It is shown that for a monomial potential func-
tions at infinite values of the scalar field there exist generic
de Sitter and Einstein-de Sitter states. The de Sitter state is
unstable with respect to expansion of the Universe for poten-
tial functions which do not change faster than linearly. This
leads to a generic cosmological evolution without the initial
singularity.
Keywords modified gravity, dark energy theory, singularity
1 Introduction
The theoretical cosmology explores past and future evolution
of the Universe. Our methodological tools are based onmod-
els derived fromgeneral relativity. The unexpected discovery
of accelerated expansion of the Universe [1, 2] has provoked
growth of interest in dynamical dark energy models [3, 4].
The simples model cosmological model with a scalar field
and a potential function can serve as prototype to describe
an accelerated expansion of the Universe [5, 6]. This is so-
called a quintessence idea.
A scalar field matter sector of a cosmological theorywith
an non-minimal coupling term −ξ Rφ2 between the grav-
ity and the scalar field where ξ is the dimensionless cou-
pling constant [7–9] give rise to the simplest extension of
the scalar field Lagrangian. There are various motivations
for such term. The most general one is that the general rela-
tivity has a methodological status of an effective theory and
ae-mail: orest.hrycyna@ncbj.gov.pl
such term naturally emerge in its expansion [10]. The non-
minimal coupling between the scalar curvature and the scalar
field appears as a result of quantum corrections to the scalar
field in curved space and the renormalisation procedure also
give rise to such term [11–14]. The non-minimal coupling is
also interesting in the context of superstring theory [15] and
induced gravity [16].
While the simplest inflationary model with a minimally
coupled scalar field and a quadratic potential function is no
longer favoured by the observational data [17–20] there is a
need to extend this paradigm further. From the theoretical
point of view and an effective theory approach the coupling
constant becomes a free parameter in the model and should
be obtained from some general considerations [21, 22] or
from a more fundamental theory. Taking a pragmatic ap-
proach its value should be estimated from the observational
data [23–27].
The non-minimally coupled scalar field cosmology was
investigated by many authors in the connection with an in-
flationary epoch as well as a description of the current ac-
celerated expansion of the universe [28–52]. In the standard
model of particle physics a non-minimally coupled Higgs
field plays also important role [53–56].
In current investigations in modern theoretical cosmol-
ogy dynamical systems methods constitute very strong and
effective tools [57–60]. A cosmological evolution of a uni-
verse is represented by trajectories in a space of all states of
a model called a phase space. In the recent paper [61] the
authors used interesting tools of bifurcation theory in dy-
namical systems of cosmological origin and found bifurca-
tion values of parameters of the investigated models where
qualitative dynamics changes.
We start with the total action integral for the gravitational
theory under considerations
S = Sg + Sφ , (1)
2where the gravitational part of the theory is given by the stan-
dard Einstein-Hilbert action integral
Sg =
1
2κ2
∫
d4x
√−gR , (2)
where κ2 = 8piG, and G is the Newton constant. The mat-
ter part of the theory is described by the scalar field action
with additional term describing direct interaction between
the Ricci scalar and the scalar field
Sφ =−
1
2
∫
d4x
√−g
(
ε∇α φ ∇α φ + εξ Rφ
2+ 2U(φ)
)
, (3)
where ε = +1 and ε = −1 correspond to the canonical and
phantom scalar field, respectively, and ξ is the non-minimal
coupling constant between the scalar field and gravity.
The field equations for the theory are
Rµν −
1
2
gµνR = κ
2 T
(φ)
µν , (4)
where the energy-momentum tensor for the non-minimally
coupled scalar field is given by
T
(φ)
µν = ε∇µ φ∇ν φ − ε
1
2
gµν∇
α φ∇α φ −U(φ)gµν+
+ εξ
(
Rµν −
1
2
gµνR
)
φ2+ εξ
(
gµνφ
2−∇µ∇νφ2
)
.
(5)
Finally, the dynamical equation for the scalar field we obtain
from the variation δSφ/δφ = 0
φ − ξ Rφ− ε U ′(φ) = 0 . (6)
In the present paper we investigate exclusively the origi-
nal Jordan frame formulation of the theory leaving aside the
problem of the physical (in)equivalence between the Jordan
frame and the Einstein frame [62–65].
Working with the spatially flat Friedmann–Robertson–
Walker metric
ds2 =−dt2+ a2(t)
(
dx2+ dy2+ dz2
)
,
and assuming homogeneous scalar field φ = φ(t) we obtain
the energy conservation condition
3
κ2
H2 = ρφ = ε
1
2
φ˙2+U(φ)+ ε3ξ H2φ2+ ε6ξ Hφφ˙ , (7)
the acceleration equation
H˙ =−2H2+ κ
2
6
−ε(1− 6ξ )φ˙2+ 4U(φ)− 6ξ φU ′(φ)
1− εξ (1− 6ξ )κ2φ2 , (8)
and the equation of motion for the scalar field
φ¨ + 3Hφ˙ + 6ξ
(
H˙ + 2H2
)
φ + εU ′(φ) = 0 , (9)
where a dot indicates differentiation with respect to cosmo-
logical time t.
In what follows we introduce the following dimension-
less dynamical variables [52]
x≡ κφ˙√
6H0
, y≡ κ
√
U(φ)√
3H0
, z≡ κ√
6
H
H0
φ ,
h≡ H
H0
, λ ≡−φ U
′(φ)
U(φ)
.
(10)
Then, the energy conservation condition (7) is
h2 = y2+ ε(1− 6ξ )x2+ ε6ξ (x+ z)2 , (11)
and the acceleration equation (8) expressed in the new phase
space variables
H˙
H2
=−2+ −ε(1− 6ξ )x
2+ y2(2+ 3ξ λ )
h2− ε6ξ (1− 6ξ )z2 . (12)
The full dynamical phase space of the model is five di-
mensional and the autonomousdynamical system describing
evolution of the model is in the following form
dx
dlna
=−3x− 6ξ z
(
H˙
H2
+ 2
)
+ ε
1
2
λ y2
1
z
,
dy
dlna
=−1
2
λ y
x
z
,
dz
dlna
= x+ z
H˙
H2
,
dh
dlna
= h
H˙
H2
,
dλ
dlna
=
x
z
λ
(
1−λ(Γ − 1)) ,
(13)
where
Γ =
U ′′(φ)U(φ)
U ′(φ)2
, (14)
and a prime denotes differentiation with respect to the scalar
field and a ”time” parameter along the phase space curves is
natural logarithm of the scale factor.
Now, using the energy conservation condition (11) one
can eliminate one of the phase space variables, say h or y,
hence one obtains a 4-dimensional dynamical system. As-
suming that Γ = Γ (λ ) and using the second and the last
equation of the system one obtains the following differential
equation
dy
dλ
=−1
2
y
λ
(
1−λ(Γ (λ )− 1)) ,
which can be solved for some generic functionΓ (λ ) and one
can further reduce dynamical system (13) to a 3-dimensional
phase space [51].
32 An asymptotically monomial potential function
In this section we will investigate behaviour of the model
in the limit φ → ∞ and we assume that λ → const. in this
limit. One can observe that within this assumptions we have
a so-called plateau-like scalar field potential functionswhere
U ′(φ)
U(φ) → 0 as φ → ∞ and, moreover, not only potential func-
tions withU(φ)→ const. as φ →∞ but all possible potential
functions with a monomial asymptotic behaviour. In other
wordswe assume that some general scalar field potential func-
tion has an asymptotic in the form of monomial potential
function U(φ) ∝ φα as value of the scalar field φ >> φ∗ is
much greater than some given value. This assumption can
be motivated by the recent observational data [17–19, 66]
which favour flat inflationary scalar field potential and also
by a pragmatic approach in order to constrain an unknown
function of the theory [67].
Using the energy conservation condition (11) we elim-
inate the variable h2 from the dynamical system (13) and
with an asymptotically monomial potential function where
λ = const. we obtain the following set of equations
dx
dlna
=−3x− 6ξ z
(
H˙
H2
+ 2
)
+ ε
1
2
λ y2
1
z
,
dy
dlna
=−1
2
λ y
x
z
,
dz
dlna
= x+ z
H˙
H2
,
(15)
where the acceleration equation is now
H˙
H2
=−2+ −ε(1− 6ξ )x
2+(2+ 3ξ λ )y2
y2+ ε(x+ 6ξ z)2
, (16)
and the energy conservation condition is given by (11) which
was used to eliminate the h variable from the dynamical sys-
tem (13).
Note that the system (15) is homogeneous and linear in
dynamical phase space variables. In this case, dimension of
dynamical system can be reduced using new appropriate pro-
jective coordinates [68, 69].
Introducing the following projective coordinates
u≡ x
z
, v¯ = v2 ≡ y
2
z2
, w¯ = w2 ≡ 1
z2
, (17)
we obtain the dynamical system in the new variables
du
dη
=
(
−u(u+ 1)+ ε 1
2
λ v¯
)(
v¯+ ε(u+ 6ξ )2
)
+(u+ 6ξ )
(
ε(1− 6ξ )u2− (2+ 3ξ λ )v¯
)
,
dv¯
dη
= 2v¯
((
2− 1
2
(2+λ )u
)(
v¯+ ε(u+ 6ξ )2
)
+ ε(1− 6ξ )u2− (2+ 3ξ λ )v¯
)
,
dw¯
dη
= 2w¯
(
(2− u)(v¯+ ε(u+ 6ξ )2)
+ ε(1− 6ξ )u2− (2+ 3ξ λ )v¯
)
,
(18)
where the time parameter
d
dη
=
(
v¯+ ε(u+ 6ξ )2
) d
dlna
, (19)
was introduced in order to put all the functions on the right
hand side into a polynomial form. The acceleration equation
now reads
H˙
H2
=−2+ −ε(1− 6ξ )u
2+(2+ 3ξ λ )v¯
v¯+ ε(u+ 6ξ )2
, (20)
and the energy conservation condition is
h2 =
v¯+ ε(1− 6ξ )u2+ ε6ξ (u+ 1)2
w¯
. (21)
Note that the first two equations of the system (18) are now
decoupled from the third giving rise to effective two dimen-
sional dynamical systemdescribing the evolution of themodel
under considerations. Using linearised solutions to the de-
coupled two dimensional part of the system we can solve the
third equation in the exact form.
In Table 1 we have gathered the critical points of the de-
coupled 2-dimensional dynamical system (18) in variables
(u, v¯) together with the corresponding values of the acceler-
ation equations (20) calculated at those states. The first criti-
cal point corresponds to a radiation-like expansion of the uni-
verse and it is in the formof a saddle type critical point. From
the physical point of view very interesting is the last critical
point. The acceleration equation vanishes for two values of
λ parameter, namely, for λ =−2 and λ =−4, which corre-
sponds to a quadratic and a quartic asymptotic form of the
potential function [70]. Vanishing of the acceleration equa-
tion could possibly indicate to the de Sitter type of evolution
andmore thoroughly analysis is required.Due to their special
importance in particle physics and cosmology, an asymptotic
form of the scalar field potential function with λ = −2 and
λ =−4will be discussed elsewhere. The critical point 5with
the vanishing acceleration equation corresponds to de Sitter
state which can be made asymptotically stable for some set
of the model parameters. Note that this state is defined for an
4Table 1 The critical points of the decoupled two dimensional part of the system (18) and corresponding values of the acceleration equation (20).
u∗ v¯∗ H˙
H2
∣∣∗
1. 0 0 −2
2. −6ξ 0 ±∞
3. −6ξ ±
√
−6ξ (1−6ξ ) 0 −2+ (u∗)2
6ξ
4.
−2ξ (2+3λξ )±2ξ
√
−(1−6ξ )(2+3λξ )
1−(2−λ )ξ −ε(u∗+6ξ )2 0
5. 0 ε 24ξλ 0
6. − (4+λ )ξ
1−(2−λ )ξ −ε
(1−6ξ )ξ (6−(2−λ )(10+λ )ξ )
(1−(2−λ )ξ )2
1
2
(2+λ )(4+λ )ξ
1−(2−λ )ξ
arbitrary value of the w¯ variable and is described by a non-
hyperbolic critical point (one of eigenvalues of the lineari-
sation matrix calculated at this point vanishes) and in order
to find linearised solutions in the vicinity of this de Sitter
state first we need to solve decoupled subsystem (18) and
then solve the third equation. Dynamical analysis of these
states is beyond scope of the present work.
Finally, let us note that the critical points 3 give rise to
two interesting asymptotic states for the special value of the
non-minimal coupling parameter ξ = 3
16
. In the first case
we obtain H˙
H2
∣∣∗ = − 3
2
which corresponds to the Einstein–
de Sitter type of evolution, while in the second case we have
H˙
H2
∣∣∗ = 0 which correspond to the de Sitter expansion. In
what followswe concentrate our investigations on those states
with ξ = 3
16
which is the value of the non-minimal cou-
pling constant for a conformally coupled scalar field in a 5-
dimensional theory of gravity.
3 ξ = 3
16
and instability of the initial de Sitter state
Dynamical system (15) in projective coordinates (17) and for
ξ = 3
16
takes the following form
du
dlna
=−u(u+ 1)+ ε1
2
λ v¯
−
(
u+
9
8
)
ε 1
8
u2+
(
2+ 9
16
λ
)
v¯
v¯+ ε
(
u+ 9
8
)2 ,
dv¯
dlna
= 2v¯
(
2− 1
2
(2+λ )u− ε
1
8
u2+
(
2+ 9
16
λ
)
v¯
v¯+ ε
(
u+ 9
8
)2
)
,
dw¯
dlna
= 2w¯
(
2− u− ε
1
8
u2+
(
2+ 9
16
λ
)
v¯
v¯+ ε
(
u+ 9
8
)2
)
,
(22)
where the time parameter along the phase space trajectories
in the natural logarithm of the scale factor.
The first critical point under considerations
(
u∗ =−3
4
, v¯∗ = 0 , w¯∗ = 0
)
with the acceleration equation H˙
H2
∣∣∗ =− 3
2
has the following
linearised solutions
u(a) = u∗+
(
∆u+ ε
4
3
∆ v¯
)( a
a(i)
) 3
2
− ε 4
3
∆ v¯
( a
a(i)
) 3
4 (6+λ )
,
v¯(a) = ∆ v¯
( a
a(i)
) 3
4 (6+λ )
,
w¯(a) = ∆ w¯
( a
a(i)
) 9
2
,
(23)
where ∆u = u(i)−u∗, ∆ v¯ = v¯(i) and ∆ w¯ = w¯(i) are the initial
conditions for the phase space variables and a(i) is the initial
value of the scale factor in the vicinity of the critical point.
The asymptotic state is unstablewith respect to the expansion
of universe for6+λ > 0, otherwise it corresponds to a saddle
type critical point.
Taking those linearised solution one can calculate the ac-
celeration equation (20) up to linear terms in initial condi-
tions
H˙
H2
≈−3
2
− 4
(
∆u+ ε
4
3
∆ v¯
)( a
a(i)
) 3
2
+ ε4(4+λ )∆ v¯
( a
a(i)
) 3
4 (6+λ )
,
(24)
which for a→ 0 converges to H˙
H2
∣∣∗ =− 3
2
. The Hubble func-
tion (21) up to linear order in the initial conditions is in fol-
lowing form
(
H(a)
H(a0)
)2
≈ 1
∆ w¯
((
∆ v¯+ ε
3
4
∆u
)( a
a(i)
)−3
+
+ ε
(
∆u+ ε
4
3
∆ v¯
)2( a
a(i)
)− 32 −
− 8
3
∆ v¯
(
∆u+ ε
4
3
∆ v¯
)( a
a(i)
) 3
4 (2+λ )
+
+ ε
16
9
∆ v¯2
( a
a(i)
) 3
2 (3+λ )
)
,
(25)
5where the first term dominates for a given set of initial con-
ditions. As a → 0 we need to impose 5+λ > 0 in order to
ensure that the last two terms do not become large. Then the
Hubble function can be approximated as(
H(a)
H(a0)
)2
≈ ∆ v¯+ ε
3
4
∆u
∆ w¯
( a
a(i)
)−3
, (26)
which corresponds exactly to the Einstein–de Sitter type of
evolution and takes place in the physical region of the phase
space for ∆ v¯+ ε 3
4
∆u > 0.
The initial value of the Hubble function at a = a(i) can
be expressed as(
H(a(i))
H(a0)
)2
≈ ∆ v¯+ ε
3
4
∆u
∆ w¯
+ ε
∆u2
∆ w¯
> 0 , (27)
and we obtain evolutionary equation for the Hubble func-
tion in the vicinity of the critical point corresponding to the
Einstein–de Sitter type of solution
(
H(a)
H(a0)
)2
≈


(
H(a(i))
H(a0)
)2
− ε ∆u
2
∆ w¯

( a
a(i)
)−3
. (28)
The second critical point under considerations(
u∗ =−3
2
, v¯∗ = 0 , w¯∗ = 0
)
with the vanishing acceleration equation H˙
H2
∣∣∗ = 0 has the
following linearised solutions
u(a) = u∗+
(
∆u− ε 4
3
∆ v¯
)( a
a(i)
)3
+ ε
4
3
∆ v¯
( a
a(i)
) 3
2 (2+λ )
,
v¯(a) = ∆ v¯
( a
a(i)
) 3
2 (2+λ )
,
w¯(a) = ∆ w¯
( a
a(i)
)3
,
(29)
where ∆u = u(i)−u∗, ∆ v¯ = v¯(i) and ∆ w¯ = w¯(i) are the initial
conditions for the phase space variables and a(i) is the ini-
tial value of the scale factor in the vicinity of the asymptotic
state. Dynamical character of this critical point corresponds
to an unstable node with respect to the expansion of universe
for 2+λ > 0, otherwise, this state is represented by a saddle
type critical point.
The linearised solutions can be used to obtain the accel-
eration equation (20) in the vicinity of the state up to linear
terms in initial conditions
H˙
H2
≈ 8
(
∆u− ε 4
3
∆ v¯
)( a
a(i)
)3
+ ε
4
3
(8+ 3λ )∆ v¯
( a
a(i)
) 3
2 (2+λ )
,
(30)
and the Hubble function (21) as
(
H(a)
H(a0)
)2
≈ 1
∆ w¯
((
∆ v¯− ε 3
4
∆u
)
+
+ ε
(
∆u− ε 4
3
∆ v¯
)2( a
a(i)
)3
+
+
8
3
∆ v¯
(
∆u− ε 4
3
∆ v¯
)( a
a(i)
) 3
2 (2+λ )
+
+ ε
16
9
∆ v¯2
( a
a(i)
)3(1+λ ))
.
(31)
We can note that the first term in this expression is zeroth
order in the initial conditions and dominates during the evo-
lution of the model while the remaining are first order terms
in the initial conditions. Thus, taking the limit a→ 0 and for
1+λ > 0 we obtain the Hubble function value at the critical
point under considerations(
H(0)
H(a0)
)2
≈ ∆ v¯− ε
3
4
∆u
∆ w¯
= const.> 0 . (32)
The energy density of the initial de Sitter state is finite and
depends on the initial conditions of trajectories leading to
this state. Since∆ w¯> 0 the only conditions for the state in the
physical region of the phase space is ∆ v¯− ε 3
4
∆u > 0. There
is open and dense set of initial conditions in the vicinity of
this state where energy density of the initial de Sitter state
much larger than the present energy density.
Next, using the Hubble function (21) we can relate the
energy density at the initial conditions for the linearised so-
lutions for a = a(i) with the energy density at the de Sitter
state with a = 0(
H(a(i))
H(a0)
)2
≈ ∆ v¯− ε
3
4
∆u
∆ w¯
+ ε
∆u2
∆ w¯
≈
(
H(0)
H(a0)
)2
+ ε
∆u2
∆ w¯
> 0 ,
(33)
and since ∆ w¯ is always positive, the energy density at a =
a(i) > 0 can be larger than the energy density of the de Sitter
state at a = 0.
Now we are ready to show that the two critical points
under considerations are indeed located at the infinite values
of the scalar field φ . From the energy conservation condition
(21) we obtain that
6
κ2
1
φ2
= h2w¯ = v¯+ ε
(
u+
3
4
)(
u+
3
2
)
and using the linearised solutions (23) and (29) this quantity
vanishes at the asymptotic states when a→ 0which indicates
that φ → ∞ there. Obviously we can use linearised solutions
6for the variable u and find linearised solutions for the field
φ(a).
It is worth noticing some analogies between asymptotic
states under considerations and fast-roll (or rapid-roll) infla-
tionary states [71–73]. The dynamical variable u is defined
as u = φ˙
Hφ and the condition for the rapid-roll inflation for
conformal coupling is given by φ˙ =−Hφ [72] which for ar-
bitrary coupling can be generalised as
φ˙ =−6ξ Hφ .
From Table 1 we have that in our case
φ˙ =
(
−6ξ ±
√
−6ξ (1− 6ξ )
)
Hφ
and for ξ = 3
16
and the de Sitter state we have
φ˙ =−3
2
Hφ .
Since at the asymptotic de Sitter state the Hubble function
H → const. and the scalar field φ →∞ it gives that φ˙ →−∞
and the scalar field changes infinitely fast with respect to the
cosmological time.
In figures 1, 2, 3 and 4 we present four representative
cases for dynamical behaviour for globally monomial scalar
field potential functions in the (u, v¯) variables compactified
with the circle at infinity of the phase space. The shaded re-
gions are unphysical and direction of the arrows indicates
direction of expansion of the universe. In our discussion the
most interesting is evolution in vicinity of the de Sitter and
the Einstein-de Sitter states located at v¯∗ = 0 because of the
simplifying assumptions about global behaviour of the scalar
field potential functionwhich in most general case can not be
true.
The dynamical variable v¯ is defined as
v¯ = 2
U(φ)
H2φ2
,
and on all the phase space diagrams the regions where v¯ < 0
correspond to negative scalar field potential functionsU(φ)<
0. It is interesting that the asymptotic unstable with respect
to expansion of the universe de Sitter and Einstein-de Sit-
ter states exist both for negative and positive potential func-
tions. We have the following three generic cases : for λ >−1
both the Einstein-de Sitter and the de Sitter states are unsta-
ble with respect to the expansion of the universe (figures 1
and 2); for −5> λ >−1 the Einstein-de Sitters state corre-
sponds to an unstable node while the de Sitter state is in the
form of a saddle critical point (figure 3); for λ < −5 both
state are in the form of saddle type critical points (figure 4).
Additionallywe have found that for a negative potential func-
tion there is a possibility for an asymptotically stable de Sitter
state (see figure 4) [74, 75].
4 A constant potential function
In this section we present the full phase space analysis of the
model with a constant potential functionU(φ) =U0 = const.
In such case the dynamical system describing the evolution
of the phase space variables reduces to a 2-dimensional dy-
namical system and is in the following form
dx
dlna
=−3x− 9
8
z
(
H˙
H2
+ 2
)
,
dz
dlna
= x+ z
H˙
H2
,
(34)
where the acceleration equation is given by
H˙
H2
=−2+ ε
1
8
x2+ 2ΩΛ ,0
ΩΛ ,0+ ε
(
x+ 9
8
z
)2 , (35)
the energy conservation condition is
h2 =
(
H
H0
)2
= ΩΛ ,0+ ε
(
x+
3
4
z
)(
x+
3
2
z
)
≥ 0 , (36)
and the constant ΩΛ ,0 =
κ2U0
3H20
.
The last inequality defines the physical regions of the
phase space variables. In general case with the non-minimal
coupling constant as a free parameter shape of this region
crucially depends on the value of the non-minimal coupling
constant ξ as well as on the type of the scalar field.
The right hand sides of the system (34) are rational func-
tions of the phase space variables due to the form of the ac-
celeration equation (35). Such dynamical system provides us
only with partial information about asymptotic states of dy-
namics, we are unable to obtain asymptotic states for which
denominator in the acceleration equation (35) vanishes. Us-
ing the following time transformation
d
dτ
=
(
ΩΛ ,0+ ε
(
x+
9
8
z
)2)
d
dlna
, (37)
we obtain the dynamical system (34) in the form
dx
dτ
=−3ΩΛ ,0
(
x+
3
4
z
)
− ε3x
((
x+
9
8
z
)2
+
3
64
xz
)
,
dz
dτ
= ΩΛ ,0x+ ε
(
(x− 2z)
(
x+
9
8
z
)2
+
1
8
x2z
)
,
(38)
where now the right hand sides are polynomials in the phase
space variables.
The critical points of the system (38) are presented in
Table 2 togetherwith the correspondingvalues of the Hubble
function (36) and the acceleration equation (35) calculated at
those asymptotic states. Note that the critical points dS+ and
7u
v
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-
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+
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-
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-
Fig. 1 The phase space diagrams representing evolutional paths of the decoupled part in the (u, v¯) dynamical variables of the system (22) with
λ = 2 for the canonical ε =+1 (top) and the phantom ε =−1 (bottom) scalar fields. The shaded regions of the phase space are unphysical where
the energy conservation condition (21) is negative. Direction of arrows on the phase space trajectories indicates expansion of the universe. For
λ >−1 both the Einstein-de Sitter state EdS− and the de Sitter state dS− are unstable with respect to expansion of the universe.
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Fig. 2 The phase space diagrams representing evolutional paths of the decoupled part in the (u, v¯) dynamical variables of the system (22) with
λ = − 1
2
for the canonical ε = +1 (top) and the phantom ε = −1 (bottom) scalar fields. The shaded regions of the phase space are unphysical
where the energy conservation condition (21) is negative. Direction of arrows on the phase space trajectories indicates expansion of the universe.
For λ >−1 both the Einstein-de Sitter state EdS− and the de Sitter state dS− are unstable with respect to expansion of the universe.
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Fig. 3 The phase space diagrams representing evolutional paths of the decoupled part in the (u, v¯) dynamical variables of the system (22) with
λ = − 5
2
for the canonical ε = +1 (top) and the phantom ε = −1 (bottom) scalar fields. The shaded regions of the phase space are unphysical
where the energy conservation condition (21) is negative. Direction of arrows on the phase space trajectories indicates expansion of the universe.
For −5> λ >−1 the Einstein-de Sitter state EdS− is unstable with respect to expansion of the universe while the de Sitter state dS− is in the form
of a saddle type critical point.
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Fig. 4 The phase space diagrams representing evolutional paths of the decoupled part in the (u, v¯) dynamical variables of the system (22) with
λ = −20 for the canonical ε = +1 (top) and the phantom ε = −1 (bottom) scalar fields. The shaded regions of the phase space are unphysical
where the energy conservation condition (21) is negative. Direction of arrows on the phase space trajectories indicates expansion of the universe.
For λ < −5 both states the Einstein-de Sitter EdS− and the de Sitter dS− are in the form of saddle type critical points. Note existence of the de
Sitter state dS+ for the canonical scalar field ε =+1 which is asymptotically stable for negative potential functions.
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Table 2 The critical points of the system (38) and corresponding values of the Hubble function (36) and the acceleration equation (35).
x∗ z∗
(
H
H0
)2∣∣∗ H˙
H2
∣∣∗ H˙
H20
∣∣∗
dS+ 0 0 ΩΛ ,0 0 0
E ±4
√
ε 2
3
ΩΛ ,0 ∓ 103
√
ε 2
3
ΩΛ ,0 0
6
5
0
B, K ±√−εΩΛ ,0 0 0 ±∞ 158 ΩΛ ,0
d ±4√−εΩΛ ,0 ∓ 83√−εΩΛ ,0 ΩΛ ,0 0 0
e ±4√−εΩΛ ,0 ∓ 409 √−εΩΛ ,0 259 ΩΛ ,0 − 45 − 209 ΩΛ ,0
E are the asymptotic states for both systems (34) and (38)
while the remaining points only for the system (38). This is
the reason why, in what follows, we present stability analysis
of the critical points dS+ and E analysing the system (34)
where the “time” parameter along the phase space curves is
the scale factor. It will provide us with natural interpretation
of the stability conditions with respect to the expansion of
universe.
The first critical point
(x∗ = 0 ,z∗ = 0)
corresponds to the de Sitter type of evolution and is denoted
as dS+ in table 2 and on phase space portraits 5 and 6. The
acceleration equation (35) calculated at this asymptotic state
vanishes and the energy conservation condition (36) gives
value of the Hubble function at this state(
H
H0
)2 ∣∣∣∣∣
∗
= (h∗)2 = ΩΛ ,0 , (39)
and the following condition must be fulfilled ΩΛ ,0 > 0 in
order to obtain the asymptotic state in the physical region
of the phase space. The stability conditions may be obtained
directly from the eigenvalues of the linearisation matrix of
the system. They are
λ1 = λ2 =−
3
2
, (40)
which indicates that the asymptotic de Sitter state exists in
form of a stable node. The linearised solutions to dynamical
system (34) in the vicinity of this state are
x(a) = ∆x
( a
a(i)
)− 32
− 3
2
(
∆x+
3
2
∆z
)( a
a(i)
)− 32
ln
( a
a(i)
)
,
z(a) = ∆z
( a
a(i)
)− 32
+
(
∆x+
3
2
∆z
)( a
a(i)
)− 32
ln
( a
a(i)
)
,
(41)
where ∆x = x(i), ∆z = z(i) are initial conditions for the phase
space variables and a(i) is initial value of the scale factor.
Then, using those linearised solutionswe can obtain theHub-
ble function from (36) up to second order terms in initial
conditions(
H(a)
H(a0)
)2
= ΩΛ ,0
+ ε
(
∆x+
3
2
∆z
)(
∆x+
3
4
∆z
)( a
a(i)
)−3
− ε 3
4
(
∆x+
3
2
∆z
)2( a
a(i)
)−3
ln
( a
a(i)
)
,
(42)
which resembles the Hubble function for the ΛCDM model
except the term logarithmic in the scale factor. It is easy to
show that the system (34) is equipped with an invariantman-
ifold of the de Sitter type of evolution x+ 3
2
z≡ 0 where the
acceleration equation (35) vanishes and the Hubble function
is constant. Then we can assume that we are in close vicinity
of this state
(
∆x+ 3
2
∆z
)2 ≈ 0 then the Hubble function is
(
H(a)
H(a0)
)2
≈ΩΛ ,0+ε
(
∆x+
3
2
∆z
)(
∆x+
3
4
∆z
)( a
a(i)
)−3
,
(43)
which effectively corresponds to ΛCDM model.
The invariant manifold trajectories corresponding to the
de Sitter type of evolution are presented as a dotted trajecto-
ries at the top panel figure 5 and at the bottom panel figure
6.
The next two critical points denoted as E in table 2 are
located at(
x∗ =±4
√
ε
2
3
ΩΛ ,0 ,z
∗ =∓10
3
√
ε
2
3
ΩΛ ,0
)
with vanishing energy conservation condition (36) and the
acceleration equation (35) H˙
H2
∣∣∗ = 6
5
give rise to the Ein-
stein static universe, because first cosmological time deriva-
tive of the Hubble function calculated at this point vanishes
H˙
H20
∣∣∗ = 0. We have to note that this state exists only when the
following condition is fulfilled
εΩΛ ,0 > 0 , (44)
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they exist only for the canonical scalar field ε = +1 with
positive cosmological constantΩΛ ,0 > 0 and for the phantom
scalar field ε =−1 with the negative cosmological constant
ΩΛ ,0 < 0.
The eigenvalues of the linearisation matrix of the system
(34) calculated at those points are
λ1 =
12
5
, λ2 =−
9
5
, (45)
which indicates that the Einstein static solution is in the form
of a saddle type critical point.
The linearised solutions to the dynamics in the vicinity
of this state are the following
x(a) = x∗− 22
35
(∆x+ 3∆z)
( a
a(i)
) 12
5
+
3
35
(19∆x+ 22∆z)
( a
a(i)
)− 95
,
z(a) = z∗+
19
35
(∆x+ 3∆z)
( a
a(i)
) 12
5
− 1
35
(19∆x+ 22∆z)
( a
a(i)
)− 95
,
(46)
where ∆x = x(i)− x∗, ∆z = z(i)− z∗ are initial conditions for
the phase space variables and a(i) is initial value of the scale
factor. Using these solutions we obtain the Hubble function
(
H(a)
H(a0)
)2
≈ ε
√
ε
1
6
ΩΛ ,0 (∆x+ 3∆z)
( a
a(i)
) 12
5
, (47)
where the dependence on the scale factor is connected only
with an unstable direction of the saddle type critical point and
condition for evolution in the physical region of the phase
space is ε (∆x+ 3∆z)> 0.
Now we can proceed to investigate rest of the asymptotic
states of the system exploring dynamical behaviour of the
system (38) in reparametrised time variable. The first critical
points, in table 2 denoted as B,K (depending on the physical
type) have the following coordinates in the phase space
(
x∗ =±
√
−εΩΛ ,0 ,z∗ = 0
)
with vanishing energy conservationcondition (36) exists only
when εΩΛ ,0 < 0, i.e., for the canonical scalar field ε = +1
we haveΩΛ ,0 < 0 and for the phantom scalar field ε =−1we
have ΩΛ ,0 > 0. The eigenvalues of the linearisation matrix
calculated at this point are the following
λ1 =
15
4
ΩΛ ,0 , λ2 =
15
8
ΩΛ ,0 , (48)
which are of the same sign and stability conditions in time τ
depends on sign of the cosmological constant ΩΛ ,0.
The linearised solution are
x(τ) = x∗+
11
5
(
∆x+
9
8
∆z
)
exp(λ1τ)
− 3
40
(16∆x+ 33∆z)exp(λ2τ) ,
z(τ) =−16
15
(
∆x+
9
8
∆z
)
exp(λ1τ)
+
1
15
(16∆x+ 33∆z)exp(λ2τ) ,
(49)
where ∆x = x(i)− x∗, ∆z = z(i) are initial conditions for the
phase space variables.
Up to linear terms in initial conditions the dynamical
time reparameterisation (37) gives us differential equation
for the scale factor
dlna≈ ε2x∗
(
∆x+
9
8
∆z
)
exp
(
15
4
ΩΛ ,0τ
)
dτ , (50)
which directly connects the dynamical time and change of
the cosmological scale factor. After integration this equation
and the Hubble function (36) constitute parametric solution
to dynamics in the vicinity of the critical point


(
H(a)
H(a0)
)2
≈ ε2x∗
(
∆x+
9
8
∆z
)
exp
(
15
4
ΩΛ ,0τ
)
,
ln
( a
a(i)
)
≈ ε 8
15ΩΛ ,0
x∗
(
∆x+
9
8
∆z
)(
exp
(
15
4
ΩΛ ,0τ
)
− 1
)
.
(51)
The condition for evolution in the physical region of the phase
space can be obtain from the positivity of the Hubble func-
tion as
εx∗
(
∆x+
9
8
∆z
)
> 0 . (52)
From (35) and (36) up to linear terms in initial condi-
tionswe find first cosmological time derivative of the Hubble
function
H˙
H20
≈ 15
8
ΩΛ ,0−
− 69
20
x∗
(
∆x+
9
9
∆z
)
exp
(
15
4
ΩΛ ,0τ
)
−
− 3
160
x∗ (16∆x+ 33∆z)exp
(
15
8
ΩΛ ,0τ
)
,
(53)
which at the critical point ΩΛ ,0τ →−∞ gives
H˙
H20
∣∣∣∣
∗
=
15
8
ΩΛ ,0 . (54)
TheHubble function vanishes in this limit at the critical point
andwe obtain that this state can correspond to a bouncing so-
lutionwhenΩΛ ,0 > 0 (figure 6 bottom panel the pointB) and
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to a collapsing solution when ΩΛ ,0 < 0 (figure 6 top panel
the point K).
The next two critical points, denoted as points d in table
2, with phase space coordinates(
x∗ =±4
√
−εΩΛ ,0 ,z∗ =∓
8
3
√
−εΩΛ ,0
)
and the condition for the existence −εΩΛ ,0 > 0 are very in-
teresting from the physical point of view. The energy conser-
vation condition at this state is(
H(a)
H(a0)
)2 ∣∣∣∣∣
∗
= (h∗)2 = ΩΛ ,0 , (55)
fromwhichwe obtain that this asymptotic state is in the phys-
ical region of the phase space only for the phantom scalar
field ε = −1 and positive cosmological constant ΩΛ ,0 > 0.
The eigenvalues of the linearisation matrix at this point are
λ1 =−3ΩΛ ,0 , λ2 = 3ΩΛ ,0 , (56)
of opposite signs and this gives that this state is in the form
of a saddle type critical point. The linearised solutions are
the following
x(τ) = x∗− 3
(
∆x+
3
2
∆z
)
exp(λ1τ)
+ 4
(
∆x+
9
8
∆z
)
exp(λ2τ) ,
z(τ) = z∗+
8
3
(
∆x+
3
2
∆z
)
exp(λ1τ)
− 8
3
(
∆x+
9
8
∆z
)
exp(λ2τ) .
(57)
From the dynamical time reparameterisation (37) we ob-
tain differential equation for the scale factor as function of the
time τ
dlna≈ ε 1
2
x∗
(
∆x+
9
8
∆z
)
exp(3ΩΛ ,0τ)dτ , (58)
end we should note that along the stable direction with the
eigenvalueλ1 =−3ΩΛ ,0 and initial conditions∆x+ 98∆z≡ 0
there is no evolution of the scale factor thus there is evolution
in the dynamical time τ given by the dynamics but there is
no physical correspondence in the expansion of universe of
this evolution. TheHubble function (36) up to terms in initial
conditions is(
H(a)
H(a0)
)2
≈ΩΛ ,0+ ε
1
2
x∗
(
∆x+
3
2
∆z
)
exp(λ1τ) , (59)
andwe read directly that for the initial conditions∆x+ 3
2
∆z≡
0 we obtain pure de Sitter type of evolution with constant
value of the Hubble function.
Finally we have the following parametric solution for the
Hubble function and the scale factor in the vicinity of the
critical point


(
H(a)
H(a0)
)2
≈ΩΛ ,0+ ε
1
2
x∗
(
∆x+
3
2
∆z
)
exp(−3ΩΛ ,0τ) ,
ln
( a
a(i)
)
≈ ε 1
6ΩΛ ,0
x∗
(
∆x+
9
8
∆z
)(
exp(3ΩΛ ,0τ)− 1
)
.
(60)
On the bottom panel of figure 6 the pure de Sitter expan-
sion is presented as the dotted trajectory going through the
critical point under considerations. Note that the same type
behaviour is also possible for the canonical scalar field (see
top panel of figure 5). The global de Sitter evolution in the
model under considerations do not distinguishes between the
canonical and the phantom scalar field.
Now we proceed to the last critical point in the finite re-
gion of the phase space
(
x∗ =±4
√
−εΩΛ ,0 ,z∗ =∓
40
9
√
−εΩΛ ,0
)
which is denoted as point e in table 2. The eigenvalues of the
linearisation matrix calculated at this point gives
λ1 =−5ΩΛ ,0 , λ2 = 5ΩΛ ,0 , (61)
which are real of opposite sings indicating for a saddle type
critical point, and the linearised solutions to dynamics in the
vicinity of this state are
x(τ) = x∗+
1
10
(34∆x+ 27∆z)exp(λ1τ)
− 12
5
(
∆x+
9
8
∆z
)
exp(λ2τ) ,
z(τ) = z∗− 4
45
(34∆x+ 27∆z)exp(λ1τ)
+
136
45
(
∆x+
9
8
∆z
)
exp(λ2τ) .
(62)
Using these linearised solutions and from dynamical time
reparameterisation (37) we obtain the following differential
equation for the scale factor
dlna≈−ε 1
2
x∗
(
∆x+
9
8
∆z
)
exp(λ2τ)dτ . (63)
Then, solution of this equation together with a linearised ap-
proximation to the Hubble function (36) constitute paramet-
ric solution to the dynamics in the vicinity of the critical
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point

(
H(a)
H(a0)
)2
≈ 25
9
ΩΛ ,0
− ε 1
36
x∗ (34∆x+ 27∆z)exp(−5ΩΛ ,0τ)
+ ε
4
9
(
∆x+
9
8
∆z
)
exp(5ΩΛ ,0τ) ,
ln
( a
a(i)
)
≈−ε 1
10ΩΛ ,0
x∗
(
∆x+
9
8
∆z
)(
exp(5ΩΛ ,0τ)− 1
)
.
(64)
We have to note that the last two asymptotic states dis-
cussed here are very interesting both frommathematical and
physical point of view. First, they are in form of a saddle crit-
ical points and it means that there is only non-generic set of
initial conditions leading to these states, namely, a separatrix
of a saddle. Second, a finite time is needed to achieve physi-
cal states represented by those points and there is nothing pe-
culiar in physical behaviour at those points. A universe start-
ing its evolution on either separatrix of the saddles reaches
and crosses critical points in a finite amount of the scale fac-
tor.
Now we are ready to analyse the system at infinity of the
phase space. Using the projective coordinates (17)
u≡ x
z
, w¯≡ 1
z2
, (65)
we obtain the following dynamical system
du
dlna
=−u(u+ 1)−
(
u+
9
8
)(
H˙
H2
+ 2
)
,
dw¯
dlna
=−2w¯
(
u+
H˙
H2
)
,
(66)
where the acceleration equation now reads
H˙
H2
=−2+ ε
1
8
u2+ 2ΩΛ ,0w¯
ΩΛ ,0w¯+ ε
(
u+ 9
8
)2 , (67)
and the energy conservation condition is
h2 =
(
H
H0
)2
= ΩΛ ,0+ ε
(
u+ 3
4
)(
u+ 3
2
)
w¯
. (68)
Using the following time reparameterisation
d
dη
=
(
ΩΛ ,0w¯+ ε
(
u+
9
8
)2)
d
dlna
(69)
we remove singularities in the denominator of the accelera-
tion equation (67) and dynamical system is given by
du
dη
=−ΩΛ ,0
(
u+
3
2
)2
w¯− εu
(
u+
9
8
)(
u+
3
4
)(
u+
3
2
)
,
dw¯
dη
=−2w¯
(
ΩΛ ,0uw¯+ ε
(
(u− 2)
(
u+
9
8
)2
+
1
8
u2
))
,
Table 3 Critical points of the system (70) at infinity of the phase space
defined as w¯ = 0 together with values of the acceleration equation (67).
u∗ H˙
H2
∣∣∗
R 0 −2
S − 9
8
±∞
EdS− − 34 − 32
dS− − 32 0
(70)
where the right hand sides of the equations are polynomial
in dynamical variables.
In table 3 we have gathered critical points of the system
(70) at infinity of the phase space defined as z → ∞ which
correspond to w¯ ≡ 0. Let us note that only the critical point
denoted as S will be investigated in the reparametrised time
η since only there denominator of the acceleration equation
(67) vanishes.
The critical point is located at(
u∗ =−9
8
, w¯∗ = 0
)
and the eigenvalues of the linearisation matrix are
λ1 =−ε
81
512
, λ2 =−ε
81
256
,
which indicates that for the phantom scalar field ε =−1 it is
an unstable node while for the canonical scalar field ε =+1
is in the form of a stable node with respect to time η . The
linearised solutions in the vicinity are the following
u(η) = u∗+
(
∆u− ε 8
9
ΩΛ ,0∆ w¯
)
exp(λ1η)
+ ε
8
9
ΩΛ ,0∆ w¯exp(λ2η) ,
w¯(η) = ∆ w¯exp(λ2η) ,
(71)
where∆u = u(i)−u∗ and ∆ w¯ = w¯(i) are the initial conditions
for the phase space variables.
Now, using these linearised solution and from (68) we
obtain the Hubble function up to linear terms in initial con-
ditions
H2
H20
≈ΩΛ ,0+ ε
(
∆u− ε 8
9
ΩΛ ,0∆ w¯
)2
∆ w¯
−
− ε 9
64
1
∆ w¯
exp(−λ2η)+
+
16
9
ΩΛ ,0
(
∆u− ε 8
9
ΩΛ ,0∆ w¯
)
exp(λ1η)+
+ ε
64
81
Ω 2Λ ,0∆ w¯exp(λ2η) ,
(72)
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Fig. 5 The phase space diagrams representing evolutional paths in the phase space compactified with the circle at infinity for models with a canonical
scalar field ε = +1 and ξ = 3
16
, ΩΛ ,0 > 0 (top); and with ΩΛ ,0 = 0 (bottom). The shaded regions where the energy conservation condition (36)
is negative are nonphysical. The direction of arrows in the physical regions of the phase space corresponds to expansion of universe. The dotted
trajectory on the first diagram corresponds to the pure de Sitter type of evolution. On the bottom diagram at the centre we can observe that the
critical points from the previous diagram merge giving rise to a degenerated critical points with an asymptotically stable regions in the physical
parts of the phase space. The vanishing cosmological constant ΩΛ ,0 = 0 is the bifurcation value for dynamics of the model.
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Fig. 6 The phase space diagrams representing evolutional paths in the phase space compactified with the circle at infinity for models with the
canonical scalar field ε =+1 and ξ = 3
16
, ΩΛ ,0 < 0 (top); and the phantom scalar field ε =−1 and ξ = 316 , ΩΛ ,0 > 0 (bottom). The shaded regions
where the energy conservation condition (36) is negative are nonphysical. Note a complementarity between evolutional paths in a physical regions
of the phase portraits.
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Lets consider only evolution toward the critical point λ1η ,
λ2η →−∞, then, starting form some time η the third term
starts to dominate and we obtain
H2
H20
≈−ε 9
64
1
∆ w¯
exp(−λ2η)> 0 , (73)
while ∆ w¯ > 0 is always positive we obtain that ε = −1,
i.e. only for the phantom scalar field evolution takes place
through the physical region of the phase space. From the en-
ergy conservation condition (68) and from the acceleration
equation (67) we obtain that at this critical point both quan-
tities blow up to infinty
H2
H20
∣∣∣∣
∗
= ∞ ,
H˙
H2
∣∣∣∣
∗
=±∞ .
Now, we can show that this singularity is of a finite scale
factor type. The differential equation for the scale factor up
to linear terms in initial conditions for the phantom scalar
field ε =−1 is in the following form
dlna = ΩΛ ,0∆ w¯exp
(
81
256
η
)
dη ,
from which we read that for ΩΛ ,0 > 0 when time η grows so
the scale factor a grows. Taking the evolution toward critical
point we can integrate this equation
∫ a( f )
a(i)
dlna = ΩΛ ,0∆ w¯
∫ −∞
0
exp
(
81
256
η
)
dη ,
where initial value of the scale factor a(i) corresponds to ini-
tial value of time η = 0 and final value of the scale factor
a( f ) corresponds to value at the asymptotic state at η =−∞.
We obtain
ln
(
a( f )
a(i)
)
=−256
81
ΩΛ ,0∆ w¯ ,
where for
ΩΛ ,0 > 0 : ln
(
a( f )
a(i)
)
< 0 ⇒ 0< a( f ) < a(i) ,
which gives that a finite scale factor singularity is unstable
with respect to the expansion of the universe.
We can also show that despite this critical point is located
at infinity of the phase space it corresponds to a finite value
of the scalar field φ . From definition of the variable w¯ we
recover the scalar field
κ2
6
φ2 =
1
w¯ H
2
H20
,
then from the linearised solutions and the Hubble function
we obtain that value of the scalar field at the critical point is
κ2
6
φ2
∣∣∣∣
∗
= lim
η→−∞
κ2
6
φ2 =
64
9
.
Nowwe are ready to investigate behaviour of the remain-
ing asymptotic states form table 3 studying the dynamical
system (66) where the evolution is in terms of natural loga-
rithm of the scale factor, namely, expansion of the universe.
The first critical point is
(u∗ = 0 , w¯∗ = 0)
the acceleration equation calculated at this point gives
H˙
H2
∣∣∣∣
∗
=−2 ,
which corresponds to a “radiation” dominated universe and
dynamical behaviour in the vicinity of this point mimics ra-
diation dominated expansion even that there is no radiation-
like form of matter included in the model.
The eigenvalues of the linearisation matrix are
λ1 =−1 , λ2 = 4 ,
which points to a saddle type critical point and the linearised
solutions are the following
u(a) =
(
∆u+ ε
16
45
ΩΛ ,0∆ w¯
)( a
a(i)
)−1
−
− ε 16
45
ΩΛ ,0∆ w¯
( a
a(i)
)4
,
w¯(a) = ∆ w¯
( a
a(i)
)4
,
(74)
where ∆u = u(i), ∆ w¯ = w¯(i) are initial conditions for the
phase space variables and a(i) is initial value of the scale fac-
tor.
TheHubble function (68) up to linear terms in initial con-
ditions is
(
H(a)
H(a0)
)2
≈ ε 9
8
1
∆ w¯
( a
a(i)
)−4
+
1
5
ΩΛ ,0+
+ ε
9
4
(
∆u
∆ w¯
+ ε
16
45
ΩΛ ,0
)( a
a(i)
)−5
+
+ ε
1
∆ w¯
(
∆u+ ε
16
45
ΩΛ ,0∆ w¯
)2( a
a(i)
)−6
+
+ ε
(
16
45
ΩΛ ,0
)2
∆ w¯
( a
a(i)
)4
−
− 32
45
ΩΛ ,0
(
∆u+ ε
16
45
ΩΛ ,0∆ w¯
)( a
a(i)
)−1
,
(75)
where for ∆ w¯ << 1 the first term dominates during evolu-
tion in the vicinity of this state giving rise to a radiation-like
behaviour of the model(
H(a)
H(a0)
)2
≈ ε 9
8
1
∆ w¯
( a
a(i)
)−4
. (76)
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Since ∆ w¯ > 0 is always positive we have that the evolution
in the vicinity of this point takes place in physical region of
the phase space only for the canonical scalar field ε = +1.
Next, as for the previous critical point, we can also recover
value of the scalar field. Using linearised solutions we find
that
κ2
6
(φ∗)2 = ε
8
9
, (77)
and we obtain that ε = +1 and even the critical point is lo-
cated at infinity of the phase space it corresponds to finite
value of the scalar field.
The next critical point located at(
u∗ =−3
4
, w¯∗ = 0
)
with the acceleration equation (67)
H˙
H2
∣∣∣∣
∗
=−3
2
,
which points toward Einstein-de Sitter asymptotic state. The
eigenvalues of the linearisation matrix are
λ1 =
3
2
, λ2 =
9
2
,
and this state is in the form of an unstable node with respect
to expansion of the universe. The linearised solutions are
u(a) = u∗+
(
∆u+ ε
4
3
ΩΛ ,0∆ w¯
)( a
a(i)
) 3
2 −
− ε 4
3
ΩΛ ,0∆ w¯
( a
a(i)
) 9
2
,
w¯(a) = ∆ w¯
( a
a(i)
) 9
2
,
(78)
where ∆u = u(i)− u∗, ∆ w¯ = w¯(i) are initial conditions for
the phase space variables and a(i) is initial value of the scale
factor.
Up to linear terms in initial conditions the Hubble func-
tion (68) is
(
H(a)
H(a0)
)2
≈
(
ΩΛ ,0+ ε
3
4
∆u
∆ w¯
)( a
a(i)
)−3
+
+ ε
1
∆ w¯
(
∆u+ ε
4
3
ΩΛ ,0∆ w¯
)2( a
a(i)
)− 32
+
+ ε
16
9
Ω 2Λ ,0∆ w¯
( a
a(i)
) 9
2 −
− 8
3
ΩΛ ,0
(
∆u+ ε
4
3
ΩΛ ,0∆ w¯
)( a
a(i)
) 3
2
,
(79)
where we observe that the first term is of the zeroth order in
initial conditions and dominates during the linearised evo-
lution. Taking a limit a→ 0 to the asymptotic state we also
observe that the first term dominates leading to the following
approximation to the Hubble functions
(
H(a)
H(a0)
)2
≈
(
ΩΛ ,0+ ε
3
4
∆u
∆ w¯
)( a
a(i)
)−3
, (80)
which exactly corresponds to Einstein-de Sitter type of evo-
lution. In order to obtain the evolution in physical region of
the phase space the following initial conditions must be met
ε∆u >−4
3
ΩΛ ,0∆ w¯ .
The final critical point located at(
u∗ =−3
2
, w¯∗ = 0
)
with the vanishing acceleration equation (67) describes the
de Sitter state. The eigenvalues of the linearisation matrix
calculated at this point are
λ1 = λ2 = 3 ,
which indicates that the asymptotic state is unstable during
expansion. The linearised solutions are
u(a) = u∗+∆u
( a
a(i)
)3
,
w¯(a) = ∆ w¯
( a
a(i)
)3
,
(81)
where∆u = u(i)−u∗ and ∆ w¯ = w¯(i) are the initial conditions
in the vicinity of the state. The Hubble function (68) can be
approximated as
(
H(a)
H(a0)
)2
≈ΩΛ ,0− ε
3
4
∆u
∆ w¯
+ ε
(∆u)2
∆ w¯
( a
a(i)
)3
, (82)
and taking the limit a→ 0 we obtain the value of the Hubble
function at the asymptotic state
(
H(0)
H(a0)
)2
≈ΩΛ ,0− ε
3
4
∆u
∆ w¯
= const.> 0 . (83)
First, we have to note that the above quantity must be posi-
tive in order to obtain a physical state, as ∆ w¯ > 0, for fixed
value of ΩΛ ,0 one have to suitably choose ε∆u <
4
3
ΩΛ ,0∆ w¯
and this is possible even for ΩΛ ,0 ≡ 0 or ΩΛ ,0 < 0. Second,
every trajectory with different initial conditions lead to dif-
ferent values of the Hubble function at the asymptotic state,
i.e. different values of the effective energy density associated
with this state(
H(0)
H(a0)
)2
=
κ2ρeff
3H20
∣∣∣∗ ≈ΩΛ ,0− ε 3
4
∆u
∆ w¯
, (84)
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additionally there is an open and dense set of initial condition
for which energy density at de Sitter state is smaller then the
Planck energy density
ΩΛ ,0− ε
3
4
∆u
∆ w¯
<
8pi
3
m2Pl
H20
. (85)
The Hubble function in the vicinity of the de Sitter can be
presented as
(
H(a)
H(a0)
)2
≈
(
H(0)
H(a0)
)2
+
+

(H(a(i))
H(a0)
)2
−
(
H(0)
H(a0)
)2( a
a(i)
)3
,
(86)
where the initial value of the Hubble function is(
H(a(i))
H(a0)
)2
≈ΩΛ ,0− ε
3
4
∆u
∆ w¯
+ ε
(∆u)2
∆ w¯
≈
(
H(0)
H(a0)
)2
+ ε
(∆u)2
∆ w¯
,
(87)
and again as at the end of the previous section one can con-
clude that since ∆ w¯ is always positive, the energy density at
a = a(i) > 0 can be larger than the energy density of the de
Sitter state at a = 0.
On figures 5 and 6 we presented four generic cases for
the structure of the phase space and dynamical behaviour of
the model under considerations. On the top panel on figure
5 we have phase space portrait of the model with the canoni-
cal scalar field ε =+1 and positive value of the cosmological
constant ΩΛ ,0 > 0. We observe that there there is a open and
dense set of initial conditions giving rise to non-singular cos-
mological evolution from an unstable de Sitter state toward a
stable one. Additionally there is also an open and dense set of
initial conditions giving cosmological evolution from an un-
stable Einstein-de Sitter state toward a stable de Sitter. On the
bottompanel on figure 5 we have phase space diagram for the
model with vanishing cosmological constant ΩΛ ,0 = 0. The
critical point D corresponds to a degenerated critical point
with two stable sectors and four saddle sectors of the phase
space and its structure can be understood as merger of criti-
cal points from the previous diagram. We conclude that not
only non-minimal coupling constant can be treated as a bi-
furcation parameter but also the value of globally constant
scalar field potential function [61]. On figure 6 top panel we
presented dynamical behaviour for the model with canonical
scalar field ε = +1 and the negative cosmological constant
ΩΛ ,0 < 0. In the physical region of the phase space there is
to possible initial states for the universe, namely, initial non-
singular de Sitter state and Einstein-de Sitter state. In this
case both types of evolution lead to the collapsing solution
K for finite value of the scale factor. On the bottom panel of
figure 6 we presented the phase space diagram for the model
with phantom scalar field ε = −1 and positive cosmologi-
cal constant ΩΛ ,0 > 0. It is very interesting that in this case
there is only single trajectory connecting initial de Sitter state
deS− with the final de Sitter state deS+. This trajectory cor-
responds to pure de Sitter evolution of the universe.
5 Vanishing potential function and the exact solutions
The system (70) for the vanishing potential function of the
scalar field ΩΛ ,0 = 0 and the natural logarithm of the scale
factor as a time variable takes the following form
(9+ 8u)
du
dlna
=−u(3+ 2u)(3+ 4u) ,
(9+ 8u)2
dw¯
dlna
=−2w¯((u− 2)(9+ 8u)2+ 8u2) . (88)
First, we should note that the first equation in this system is
decoupled from the second, i.e. finding the solution to this
equation we essentially can solve the second equation. Sec-
ond, the equation constitutes special form of Abel ordinary
differential equation of the second kind which can be con-
verted to an equation of the first kind using a suitable coor-
dinate transformation.We will follow different route in order
to find the exact solution to the system. The change of time
parameter lna→ 1
3
lna3 gives the following equation
1
a3
da3 =−3 9+ 8u
u(3+ 2u)(3+ 4u)
du ,
after integration we obtain the implicit form of the solution
( a
a(i)
)3
=
(
u(i)
u
)3
(3+ 2u)(3+ 4u)2
(3+ 2u(i))(3+ 4u(i))2
, (89)
where a(i) and u(i) are the initial conditions and one can solve
this equation in order to obtain u = u(a). To solve the second
equation of the system (88) we assume that the w¯ dynamical
variable is a function of the u phase space variable
w¯ = w¯(u) .
Then we obtain
1
w¯
dw¯ = 2
(u− 2)(9+ 8u)2+ 8u2
u(3+ 2u)(3+ 4u)(9+8u)
du ,
and integration gives
w¯
w¯(i)
=
(
u(i)
u
)4
(3+ 2u)(3+ 4u)3(9+ 8u)2
(3+ 2u(i))(3+ 4u(i))3(9+ 8u(i))2
, (90)
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where w¯(i) and u(i) are the initial conditions. Next, from the
energy conservation condition (68) we have that
(
H(a(i))
H(a0)
)2
= ε
1
8
(3+ 2u(i))(3+ 4u(i))
w¯(i)
> 0 ,
and since the w¯ variable is always positive the condition for
the evolution in the physical region of the phase space is
ε(3+ 2u(i))(3+ 4u(i))> 0 . (91)
Finally, having the function u = u(a) from (89) one can ob-
tain w¯ = w¯(a) from (90) and from the energy conservation
condition (68) one arrives at the exact form of the Hubble
function(
H(a)
H(a0)
)2
= ε
1
8
(
3+ 2u(a)
)(
3+ 4u(a)
)
w¯(a)
. (92)
6 Conclusions
In this paper we have investigated dynamics of a flat FRW
cosmological model filled with the non-minimally coupled
scalar field with a potential function.With assumption of the
monomial type of behaviour at infinite values of the scalar
fieldwewere able to find the specific value of the non-minimal
coupling constant ξ = 3
16
for which there were de Sitter and
Einstein-de Sitter states. Using dynamical systems methods
we were able to constrain the slope of the potential function
at infinity for which the asymptotic de Sitter and Einstein-de
Sitter states are in the form of unstable critical points with
respect to expansion of the universe. We have found that the
asymptotic unstable with respect to expansion of the uni-
verse de Sitter and Einstein-de Sitter states exist both for neg-
ative and positive potential functions. For monomial scalar
field potential functions U(φ) ∝ U0φ
α with α < 1 both the
Einstein-de Sitter and the de Sitter states are unstable with
respect to the expansion of the universe (figures 1 and 2);
for 1 < α < 5 the Einstein-de Sitters state corresponds to
an unstable node while the de Sitter state is in the form of
a saddle critical point (figure 3); for α > 5 both state are in
the form of saddle type critical points (figure 4). We have
found additional interesting feature that for a negative poten-
tial function there is a possibility for an asymptotically stable
de Sitter state (see figure 4).
Global dynamical analysis of model with a constant po-
tential function and the non-minimal coupling constant ξ =
3
16
was performed. We were able to show that the asymp-
totically unstable de Sitter state and asymptotically unstable
Einstein-de Sitter state exist. For the positive cosmological
constant there is an open and dense set of initial conditions
giving rise to non-singular evolution of the universe from an
unstable de Sitter state toward a stable one.
The obtained possible evolutional path can indicate for
some generalisations of the seminal Starobinsky type of evo-
lution [76], as well as obtained evolution was not carefully
designated [77, 78]. The value of the non-minimal coupling
constant ξ = 3
16
corresponds to conformal coupling value in
a 5−dimensional theory of gravity. Presented analysis and
results might point toward a new fundamental symmetry in
the matter sector of the theory [79, 80].
Acknowledgements I am grateful to Marek Szydłowski for valuable
discussions and comments.
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